An iterative proced ure for unfolding t h e eff ects of the finite resolution of a d etector fro ,~ an observ e~ pulse h eight distribut ion is disc ussed . The process is d emonstrated for a partICular d etectIOn system. Convergence and uniquen ess properties of t he method are discussed e mpirically.
Introduction
In measuring ')'-ray spectra i t is frequ ently necessary to r emove the effects of the resolu tion of the detector from a n obser ved pulse heiaht distribution. This is kn own as "unfoldino'" " un";,cramblin o'" or b ' --b ,
" unsmearin g". T o do this a matrix representing the r esp onse of the detector must be found . Let the incident spectrum be deno ted by <1,n m dim ensional vector N: .
[ n]
N~ ~.
nm
The response may b e r epresented by an m X m matrix R. The detected pulse height distribution P , is then give n by , Pi =~R ijNj ;
Unfoldin g is the name give n to the process of fll1din g N such that
where R ij-I is the inverse to the matrix R jj.
It is frequently undesirable to obtain a solution N j by inverting t he response fun ction matrix. Usually t he !'esponse f.un ction.ma trix is a very large square m atn x. In t hIS expenment one form of the matrix was 700 X 70Q. The inversion of such a matrix would be a formidable task eITen when utilizing computer Lechniques. ' For this reaso n, iterati ITe approximations to solutions have been developed by Scofield [2] a nd by Skarsgard, J ohns, and Green [3] . An iterative technique similar to that describ ed by Lhe latter has bee n developed indep enden tly in thi s labo ratory.
Con vergence cri teria for this technique have been
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-, discussed by Geiringer [1] . In applying the technique, emp iri cal evidence has been obtained for the validity of solutions obtained by this method. This evid ence is discussed below. In a ddition, the propagation of error in the unfoldin g process is investigated in detail. (2) It has been found for the present work t hat it is satisfactory to use P itself as the initial estimate Uo· The technique has been used primarily in unfolding pulse height distributions obtained wi til the N BS Two Crystal Pair Spectr ometer. D etails of the detector and its r esponse are described by Ziegler , Wyckoff, and Koch [4] .
Iterative Solution
Various methods for arresting the i tcrati \'e procedure may be used. In this work the data were unfolded using a predetermined number of iterations.
. The Response Function Matrix
This section will discuss the problem of finding a matrix represen tation for the assumed analytic form of the r esponse function. The response at pulse height E due to one incident photon of energy ko may be writ ten [4] Both cases lead to essentially the same form for t he matrix. The latter case will b e carried thr ough to obtain the matrix expli ci tly.
where 01, O2, 03, 04, and a are constants ch aracteristic of t he detector. The pulse height distribution From the above the number of counts in ch annel becomes f i IS (4) where N(ko) is the continuous in ciden t photon number spectrum. Equation (4) is the continuous form of (1 ). E xp erimentally the vector is the quan ti ty m easured as coun ts pel' channel in a multichannel pulse height a nalyzer.
The integral equation (4) does no t possess an exact solution. Integratin g oyer k in (3), (4) becomes where <I> (x) is the error in tegral [5] . Thus (5) is seen to be an integral equation with a G aussian kern el; such an equation does not possess a general unique solu tion [6]. This is a manifestation of the inabili ty to experimentally differentiate between a smooth spectrum and a spectrum con taining a series of sh arp spikes. The Gaussian broadening is responsible for this.
In order to obtain a matrix representation for R(f, ko) a particular form must b e assumed for N(ko). Two forms have been investigated. One may assume the incident spectrum to consist of a series of discr ete steps so that over a fixed small en ergy width the spectrum is constant [7] . Alternatively on e may assun'le the spectrum to be composed of a sum of Dirac delta fun ction s so that when an in tegration is performed over a small energy width the area of the del ta function gives the number of photons in that width. whi ch, after interchanging integration and summation becomes where
Identifying a j with N j and K jbij with H ij (7) b ecomes iden t i cal wi th (1 ) .
Empirical Justification

Convergence
In setting out on this course there was no reason to believe the technique to b e convergen t. It has been shown [3] that convergence is assured for a s moo th function if the eigenvalues Ai of the response function matrix satisfy the requirement This was not a useful test because the size of the matri ces used made calculation of the eigenvalues impractical. Therefor e the primary justification is empirical.
In analysis utilizing a 200 X 200 form of R ih eleven iterations wer e ordinarily p erformed. However, as a check on convergence, as many as t wenty-one iterations have been performed, during which L'. n of equation (2) continues to conver ge.
In figure 1 a typical set of points to be unfolded is plotted . Let A denote this set. On the sam e figure is plotted B , the result of unfolding A . The set A contained poin ts only up to 40 MeV. In order to avoid introducing a large discontinuity in the first derivative at 40 MeV, a straight line tail has been added. The work was done with an energy grid width of 0.5 MeV. Typical standard deviation is shown for a point of A at 16 MeV.
In order to compare B with A, the difference L' .n = A-RB (see (2) ) is plotted in figure 2 . If B is the "correct" unfolded set of poin ts then L' .n must •
Original curve ~ and the T c01Tesponding unfolded curve after eleven itemtions, for ~a)ypical s pec trum. :vanish.. COlwergcncc rcquires Lil a t tJ n vanishes for mcreastng n. Some valu cs of the diffcrcnce in pcrcent arc indicated on t he plot. The ,'e ry small (0.7 %) difference at 19 .5 MeV is at t he peak of A .
In order to furLil er check Lhe cO lwergence properties of t he scheme a set of points with large uncertainties was unfolded, usin g twe nty-one iterations, The set G and its " unfold" D are shown in A numerical cri terion for testing con vergence in t his se nse is suggested by Skarsgard, Johns, and Green [3] for a pulse height dis tribution containing the unfold is regard ed as satisfactory. This test was used in unfolding a pulse height distribution for which the errors on each point were purely counting errors. The results were similar to those found by Skarsgard, Johns, and Green, [3] namely, convergence is rapid until (8) is satisfied ("-' 3 iterations). ~fter this convergence proceeds slowly.
One mIght hope to be able to prove convergence from the classical theOI'ems [1] . It is easily shown that if one denotes (I-R) by A, then:
U(nJ-U T=An(uo-U T)'
Therefore [1] U rn) converges to the true solution U T if and only if the eigenvalues of A are less than one in modulus. From the rapid convergence which is observed empirically, one is led to believe that the eigenvalues of A are indeed less than one in modulus.
A sufficient condition for convergence is that the maximum of the absolu te row sums fJ. i satisfy However, this is not the case for the matrix A = I-R on which the present work is based.
Error Propagation
.1. Empirical
In order to demonstrate the effect of statistical fluctuations, two different e.x.']Jerimental determinations of the same pulse height distribution have been unfolded. A portion of the unfolded spectra for both sets of data are presented in figure 6.
The spectra are designated Ua and Ub • The two pulse height distributions are not presented because of the typographical diffi culty in distinguishing the two sets of data on a meaningful scale.
Differences between t he two spectra should be purely statistical. Let the measured pulse heigh t distributions from which Ua and Ub were obtained be P a and Pb' The ratio p= (P a/ Ua) / (Pb/ Ub) has been plotted in figure 7 for the region from 15 ::\1e V to 25 MeV. One would expect this ratio to be randomly distributed abou t unity due to the statistical fluctuations in P a and P b. This is observed.
In addition, if the unfolding procedure does not introdu ce false structure, then, for Some quali tati \'e effects of error propagation are illustrated quite well by figure 6. The most pronounced effect is the increase of fluctuations in the unfolded curves with increasing energies. The reaso n for this will emerge from the discu ssion following. 
Calculation of Error
The calculation of errol' for an individual point in an unfolded spectrum is made difficult, because, in fol~ing, correlations arise between errors in adjacen t pom ts.
Asswne that error in the detected pulse height distribution is known as a function of energy and denote it by I]"k. The folded set of points, which are obtained in the first step, may be written Expanding U (I) in the sarne way as U(1 ), the error on U(f ) becomes
The "other terms" have nmuerous cross products.
For example, the contribution to [OU?)]2 from I]" H I is
[-3R ,. HI 
The general form for the solution after n iterations may be written symbolically as (13) where is the identity matrix and I/R= R-I, If the variance Val' (P) = 1]"21, then the variance of U (n) may b e written formally as:
where T denotes the transpose. Here we have used
Since all elements of R are less than unity, it is evident that in the limi t as n approaches infinity
In order to simplify the enol' calculation the response function and the error will be assmued to sati fy the following conditions:
(1) The half-width of the response function is narrow. This conesponds to good resolution in the detector. (2) The shape of the response function does not change rapidly with inciden t photon energy. This is equivalent to assuming that where the Wk may be obtained from the response at one incident energy.
In the appendix it is shown that the solution has the general form: In both cases if all terms in (A3) which ar e cubic in w were omitted, the difference in U i (3) would be small, and the difference in 8U/3) would be negligible. The terms which are cu bic in ware approximately an order of magnitude smaller than the quadratic terms. The conclusion is t hat 8U(11) has converged forn~3.
From (AI), (A2), and (A3) it may b e observed that after a large number of iterations the coefficient of Po in (A3) will converge to:
For the cases at 18. 5 This coefficient then places a lower limit on the propagated error at each point of the solution. In general Wo decreases with increasing inciden t photon energy, for this experiment. Therefore the error must increase with energy. This is independent of the shape of t he curve to be unfolded. Figure 9 shows ao plotted as a fun ction of energy for n = 3.
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Summary
B ecause of the uncertainties associated with any p,0int on a measured pulse height distribution, any 'solution" for the unfolded spectrum is acceptable, if the difference between the measured distribution and the fold of the solution lies within the uncertainty associated with the measured distribution. The additional requirement of smoothness is sufficient to ensure that the iterative process converges to a useful solution.
General error analysis is difficult. However, approximations may be made which become better as the resolution of the detector improves; these approximations make an error estimate possible.
Interesting results from the use of this technique may b e seen in the work of Ziegler, Koch, W'yckoff, and Uhlig [9] .
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Appendix
In this appendix it will b e shown how the general form of the solution, equation (14), may be found . 
At 18.5 : MeV the res ponse function for Lhe detection system described by Ziegler, Wyckoff, and Koch [4] Wtl,S giv en by
